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Color entanglement for azimuthal asymmetries in the Drell-Yan process
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In the resummation of collinear gluons emitted together with active partons from the hadrons
in the Drell-Yan process (DY) effects of color entanglement become important when the transverse
directions are taken into account. It is then no longer possible to write the cross section as the con-
volution of two soft correlators and a hard part. We show that the color entanglement introduces
additional color factors that must be taken into account in the extraction of transverse momen-
tum dependent parton distribution functions (TMD PDFs) from azimuthal asymmetries. Examples
where such effects matter are the extraction of the double Sivers and double Boer-Mulders asym-
metries. Furthermore, we will argue why this color entanglement is a basic ingredient already in the
tree-level description of azimuthal asymmetries.
PACS numbers: 12.38.-t; 13.85.Qk; 13.90.+i
INTRODUCTION
In Ref. [1] it was shown that the inclusion of contribu-
tions of collinear gluons in high-energy hadroproduction
processes leads to the entanglement of color, complicat-
ing factorization of the cross sections into a hard part and
soft correlators. Collinear gluons refer to gluons emitted
from each of the target hadrons, with polarization along
the hadron momentum. In Ref. [2] it was argued that
this complication of factorization is even important at
tree-level, where gauge links lead to color entanglement
in the process, making it impossible to write a process
with two initial state hadrons as the product of two cor-
relators. These complications do not imply that observ-
ables can no longer be calculated, merely that results are
different from the naive picture and have a richer phe-
nomenology. In this paper, we will focus on the Drell-
Yan process only [3] and show in more detail what is
different and how this affects measurements of asymme-
tries. We will use the results of Ref. [4] to discuss in
general all asymmetries accessible through Drell-Yan in-
volving unpolarized or polarized TMD PDFs at leading
order in an expansion in 1/Q, often sloppily referred to
as ‘at leading twist’. We will also show why this effect of
color entanglement is an essential ingredient, already at
tree-level.
WILSON LINES AT TREE-LEVEL
The leading order tree-level Drell-Yan cross section be-
fore taking into account gauge links, which are also lead-
ing order contributions, is illustrated in Fig. 1 and given
by
dσDY ∼ Trc
[
Φ(x1, p1T )Γ
∗Φ(x2, p2T )Γ
]
=
1
Nc
Φ(x1, p1T )Γ
∗Φ(x2, p2T )Γ. (1)
Here Φ and Φ are the TMD quark and antiquark cor-
relators respectively, Fourier transforms of forward ma-
trix elements of quark fields, and Γ and Γ∗ represent
the hard scattering interaction in which a virtual pho-
ton or weak vector boson with momentum q is produced.
The standard color factor emerges because the color trace
is usually included in the definition of the correlator Φ,
i.e. Trc[1]/(Trc[1] Trc[1]) = 1/Nc. This is the basic ex-
pression of the TMD factorized parton model description
after expanding the correlator into TMD PDFs. The re-
sult involves soft parts integrated over parton virtualities
and is actually a convolution over the parton momenta
pi = xi P + piT . High-energy kinematics links the mo-
mentum fractions (or p+ components) to scaling vari-
ables x1 = P2·q/P1·P2 and x2 = P1·q/P1·P2 and the sum
of transverse momenta to the observable transverse mo-
mentum p1T + p2T = qT ≡ q − x1 P1 − x2 P2, which is
the transverse momentum of the virtual photon or the
lepton pair with respect to the momenta P1 and P2, see
Ref. [5].
In the qT -integrated situation, the absorption of
collinear gluons in the correlators Φ as color gauge links
FIG. 1: The DY process in the diagrammatic represen-
tation, where the yellow blobs are described by the TMD
PDFs. The Γ and Γ∗ represent the hard scattering, pro-
ducing a virtual photon.
2is simple. The correlators only depend on momentum
fractions that are conjugate to light-like nonlocalities in
the expressions in terms of partonic fields. Gauge links
are just simple straightWilson lines. At measured qT , de-
termining the cross section for Drell-Yan includes gauge
links with transverse separations involving collinear and
transverse gluons. In the process the color remains en-
tangled as illustrated in Fig. 2. Bypassing the details
of getting gauge links in the first place, we note that at
measured qT the ingredients that contribute to the gauge
links appear in different parts of the diagram and can-
not be trivially absorbed in the definition of the TMD
correlators, nor can they be incorporated by a simple re-
definition of the correlator. Therefore, the name gauge
connection rather than gauge link is used at this point.
The result is
dσDY = Trc
[
U †−[p2]Φ(x1, p1T )U−[p2]Γ
∗
×U †−[p1]Φ(x2, p2T )U−[p1]Γ
]
(2)
6=
1
Nc
Φ[−](x1, p1T )Γ
∗Φ
[−†]
(x2, p2T )Γ,
suppressing all parts of the (partial) cross section that
are not of direct importance for our purpose, e.g. the
phase space factors. As arguments of the Wilson lines
we have used a notation with the momenta p1 and p2 in
square brackets, merely to indicate from which correlator
the gauge connections receive contributions in the form
of gluon emissions. The second expression in Eq. 2 is
the attempt to write just as in the collinear case a single
correlator Φ[−](x1, p1T ) = Trc
[
Φ(x1, p1T )U
†
−[p1]U−[p1]
]
.
A complication is that in a TMD correlator the gauge
link is a staple-like one running through minus infinity,
i.e. U[0,ξ] = U
n
[0,−∞]U
T
[0T ,ξT ]
Un[−∞,ξ]. This complication
prevents color-separation, which according to us is an
integral part of the full treatment of soft and collinear
gluons. It appears already as part of including gauge
links at tree-level and does not necessarily contradict the
treatment to incorporate soft factors in the TMD defini-
tion [6, 7].
AZIMUTHAL EXPANSION OF THE PARTON
CORRELATORS
In the above, both the TMD distribution functions Φ
and the Drell-Yan cross section can be expanded in trans-
verse moments, yielding
Φ(x, pT ) =
∑
m
Φ(m)(x, p2
T
) pm
T
(ϕ), (3)
dσDY(x1, x2, qT ) =
∑
m
dσ
(m)
DY (x1, x2, q
2
T
) qm
T
(ϕ),(4)
where the angle ϕ represents the angular dependence of
the transverse vectors pT or qT , respectively and p
m
T
(ϕ) is
FIG. 2: The gauge connections contributing for Drell-
Yan, indicated by gray blobs at the location in the diagram
where they appear after resummation, the coordinates in
brackets labelling the endpoints of the Wilson lines in co-
ordinate space. The separations ξi are conjugate to par-
ton momenta pi involving light-cone ξ
− and ξT directions.
The U− gauge connections run to light-cone ξ
− = −∞.
the symmetric traceless rank m tensor constructed from
the transverse momenta, i.e.
pα1...αm
T
= pα1
T
. . . pαm
T
−traces ⇐⇒
|pT |
m
2m−1
e±imϕ. (5)
By inverting these expressions, one can relate the def-
inite rank TMDs Φ(m)(x, p2
T
) to the azimuthally inte-
grated full TMD PDFs Φ(x, pT ) weighted with p
m
T
(ϕ),
as explained in detail in Refs. [2, 4]. The definite rank
functions appearing in the expansion for Φ are actually
quark or gluon correlators with in the matrix elements
additional derivatives or gluonic fields, depending on the
inserted operator being iDα
T
or Aα
T
denoted as ΦαD, Φ
α
A,
ΦαβDD, etc. In the treatment of TMD PDFs one needs ac-
tually only particular combinations of these correlators.
Performing the transverse momentum weightings is sen-
sitive to the nonlocality of the operators, in particular
also the gauge links and their path. For example, for a
TMD correlator with a gauge link U one finds
Φ
α [U ]
∂ (x) =
∫
d2pT p
α
T
Φ[U ](x, pT )
= Φ˜α∂ (x) + C
[U ]
G Φ
α
G(x), (6)
where Φ˜α∂ (x) = Φ
α
D(x)−Φ
α
A(x) is the difference between a
quark correlator including a covariant derivative and the
quark-gluon-quark correlator, while ΦαG(x) is a gluonic
pole matrix element, corresponding to the emission of a
collinear gluon of zero momentum [8]. These functions
are collinear and independent of the gauge link. That
dependence is only in the gluonic pole coefficient C
[U ]
G ,
see Ref. [9]. For the simple staple gauge links U± the
gluonic pole coefficients are C
[±]
G = ±1. Similarly, we
have higher moments,
Φ
αβ [U ]
∂∂ (x) = Φ˜
αβ
∂∂ (x) + C
[U ]
G Φ˜
αβ
{∂G}(x)
+ C
[U ]
GG,cΦ
αβ
GG,c(x), (7)
3etc. An extra index c is needed if there are multiple
possibilities to construct a color singlet as is the case for
a field combination ψGGψ, namely Trc[GGψψ] (c = 1)
and Trc[GG] Trc[ψψ]/Nc (c = 2). For the staple like links
only one configuration is relevant, having C
[±]
GG,1 = 1 and
C
[±]
GG,2 = 0, see Ref. [4]. The weighted results also allow
a unique parametrization of the gauge link dependent
TMD correlators in terms of a finite set of definite rank
TMDs depending on x and p2
T
, azimuthal tensors and
gluonic pole factors [4],
Φ[U ](x, pT ) =
Φ(x, p2
T
) +
pT i
M
Φ˜i∂(x, p
2
T
) +
pT ij
M2
Φ˜ij∂∂(x, p
2
T
)
+ C
[U ]
G
pTi
M
ΦiG(x, p
2
T
) +
pT ij
M2
Φ˜ ij{∂G}(x, p
2
T
)

+
∑
c
C
[U ]
GG,c
pTij
M2
ΓijGG,c(x, p
2
T
). (8)
Depending on partons (quarks or gluons) and target,
there is a maximum rank, which for quarks in a nucleon is
rank 2. For gluons in a nucleon one has to go up to rank
3. Actually for the highest rank, time-reversal symmetry
does not allow a time-reversal odd rank 2 correlator, i.e.
Φ˜{∂G} = 0. Note that since the tensors p
ij
T on the rhs of
Eq. 8 are traceless and symmetric, the correlators they
multiply also must be made traceless in order to make
the identification of the correlators unique.
AZIMUTHAL EXPANSION FOR THE CROSS
SECTION
In this situation, the weighting has to be done with
the tensors qα1...αm
T
, which is in principle straightforward
as qT = p1T + p2T , and thus involves a sum over various
weightings. One gets at rank 2 among others contribu-
tions
〈pα1T p
β
1T σDY 〉 =
1
Nc
Φ
[−]αβ
∂∂ (x1) Γ
∗ Φ[−
†](x2) Γ (9)
and similarly for 〈pα2T p
β
2T σDY 〉, with Φ
[−]αβ
∂∂ expanded
as in Eq. 7. For the mixed contribution an additional
complication arises because of the color entanglement of
Wilson lines. Starting with Eq. 2 one finds the expanded
expression
〈pα1T p
β
2TσDY 〉 =
1
Nc
Φ˜α∂ (x1) Γ
∗ Φ˜β∂(x2) Γ
−
1
Nc
ΦαG(x1) Γ
∗ Φ˜β∂(x2) Γ
−
1
Nc
Φ˜α∂ (x1) Γ
∗ ΦβG(x2) Γ
−
1
N2c − 1
1
Nc
ΦαG(x1) Γ
∗ ΦβG(x2) Γ. (10)
To understand the prefactors one has to realize that the
gluonic pole correlator ΦαG(x1) comes from a derivative
acting on the gauge connection U−[p1]. This leads to a
gluon field inserted in the correlator Φ(p1) and a color
charge T a at the position of the gauge connection in
Fig 2. For the second and third term this does not lead
to a different color factor as compared to the terms with-
out azimuthal dependence, one just has the 1/Nc of the
splitting of color traces as in Eq. 1, though a trace con-
taining color charges arising from the gauge connections
has to be included, giving
Trc[T
aT a]
Trc[T aT a] Trc[1]
=
1
Nc
.
The minus signs in the second and third term in Eq. 10
come from the gluonic pole factor multiplying the ΦG
correlators. For the last term with two gluonic pole cor-
relators, the color factor is
Trc[T
aT bT aT b]
Trc[T aT a] Trc[T bT b]
= −
1
N2c − 1
1
Nc
.
This implies not only a suppression of the asymmetry,
but a sign change compared to naive parton calculations
as well. In general, for higher weightings, the color factor
is given by a ratio of symmetrized color charges,
Trc[T
{a1...T an}T {b1...T bm}T {a1...T an}T {b1...T bm}]
Trc[T {a1...T an}T {a1...T an}] Trc[T {b1...T bm}T {b1...T bm}]
.
For instance, the result of a weighting with pα11T p
α2
1T p
β
2T
contains, among others, a term
−
N2
c
+2
(N2
c
−2)(N2
c
−1)
1
Nc
Φα1α2GG (x1) Γ
∗ ΦβG(x2) Γ, (11)
where the minus sign originates from a gluonic pole co-
efficient and a weighting with pα11T p
α2
1T p
β1
2T p
β2
2T contains
+
3N4
c
−8N2
c
−4
(N2
c
−2)2(N2
c
−1)
1
Nc
Φα1α2GG (x1) Γ
∗ Φβ1β2GG (x2) Γ. (12)
These color factors [10] depend on the gluonic rank only
and are insensitive to the presence of partial derivative
terms. They in general imply a suppression of multiple
gluonic pole contributions in azimuthal asymmetries.
The resulting tree level cross section for the Drell-Yan
process at measured qT thus can be written as a sum
of various contributions, each having their characteris-
tic azimuthal dependence. There is color entanglement
for gluonic pole contributions, but it is still possible to
write a factorized expression for each term after inclusion
of the full gauge links (resummed to all orders). For a
given harmonic ϕ-dependence in qT , there will not only
be a split up in various terms depending on polarizations
of hadrons and partons, but there will also be a depen-
dence on the gluonic rank of the functions with process
dependent color factors. Formulated slightly more gen-
eral for hadron-hadron scattering, each contribution in
4RG for Φ
[−]
RG for Φ
[−†] 0 1 2
0 1 1 1
1 1 −
1
N2
c
−1
N2
c
+2
(N2
c
−2)(N2
c
−1)
2 1 N
2
c
+2
(N2
c
−2)(N2
c
−1)
3N4
c
−8N2
c
−4
(N2
c
−2)2(N2
c
−1)
TABLE I: The factor f
[−,−†]
RG1RG2
as a function of the gluonic
pole ranks of both the quark and antiquark correlator in
the Drell-Yan process.
the squared amplitude is a convolution in transverse mo-
mentum (qT = p1T + p2T ), but is also assigned an addi-
tional color factor beyond the basic 1/Nc. Omitting the
Q-dependence, one finds
σ(x1, x2, qT ) ∼
1
Nc
f
[U1,U2]
RG1RG2
Φ[U1](x1, p1T )
⊗ Φ
[U2]
(x2, p2T ) σˆ(x1, x2), (13)
where the correlators are expanded as in Eq. 8, including
the gluonic pole factors. The process dependent factors
f
[U1,U2]
RG1RG2
depend on the gluonic pole ranks RG1 and RG2
of the contributing terms in the hadronic correlators as
well as on the gauge link structures of both TMDs. For
Drell-Yan, all relevant factors for quark correlators have
been tabulated in Table I. For processes more compli-
cated than Drell-Yan a dependence on the color flow pos-
sibilities of both TMDs will appear, as mentioned before.
This will be explained in more detail in a future paper.
As explained in Ref. [11], for gluons the expansion of the
gauge link dependent correlators goes up to rank 3.
DISCUSSION AND CONCLUSIONS
As discussed in Ref. [4], there are only two TMDs with
a gluonic pole rank 1 that contribute at leading order,
the Boer-Mulders function h⊥1 and the Sivers function
f⊥1T . At (total) rank 2, there are three universal Pret-
zelocity functions, h
⊥(A)
1T with gluonic pole rank 0 and
h
⊥(B1)
1T and h
⊥(B2)
1T with gluonic pole rank 2. Considering
different processes one finds in general linear combina-
tions that can be used to isolate the universal functions.
All the other TMDs that are relevant at leading order
have a gluonic pole rank of 0. This implies that the first
azimuthal asymmetries [12] where addional color factors
appear are the double Sivers asymmetry, which requires
polarized beams and the double Boer-Mulders asymme-
try, which is accessible using unpolarized hadron beams
only [5], such as at the LHC.
One might wonder why the gauge connections cannot
be disentangled as in the collinear case, since the color
charges are entangled in both cases. An attempt in this
direction was made in Ref. [13]. The difference between
the collinear and the TMD case, however, is that mul-
tiple directions are involved, a light-like direction n in
the Sudakov expansion of the momenta and transverse
directions. These transverse directions are different for
the gauge connections labeled with p1 and p2. For the
light-like direction n one can at leading order in principle
make one choice for the full process using the fact that
varying n is 1/Q suppressed. Having just one direction
in the gauge connections, it is straightforward to see that
the entanglement of gauge connections can be undone by
a gauge transformation, but complications arise if there
are multiple directions.
It should also be noted that the results in this paper do
not prove factorization. We have used the tree-level re-
sult for Drell-Yan and shown that the inclusion of gauge
links gives an additional color prefactor. Additional ef-
fects, like the inclusion of next-to-leading order contri-
butions or factorization breaking effects have not been
taken into account. For the latter we refer to Ref. [14]
for the case of hadroproduction in hadron-hadron scat-
tering. Also the inclusion of soft factors in the TMD
definition is still needed, possibly with some modifica-
tions [6] or using techniques from soft collinear effective
theory (SCET) [15]. In Refs. [16] and [17] issues on gluon
TMD factorization in the low-x regime and diffraction are
addressed.
Summarizing, for hadroproduction processes gauge
links lead to color entanglement, which is already the
case in the tree-level description of the Drell-Yan pro-
cess at measured qT . Factorized expressions can still be
obtained, however, but they deviate from the naive ex-
pectation. It turns out that additional color factors have
to be included in the expressions for azimuthal asymme-
tries. Due to these additional color factors, asymmetries
are suppressed for Drell-Yan and additional sign changes
appear.
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